By considering the effect of diffusion on the external electric field response of charge carriers in metals and semiconductors, it is shown that the finite temperature correction proposed Boström and Sernelius requires substantial modification, and there is no large correction as suggested for good conductors. The apparent violation of the Third Law of Thermodynamics of the various proposed temperature corrections to the Casimir force is also resolved. Finally, the effect of Debye screening on electrostatic calibrations between pure germanium surfaces is calculated.
I. INTRODUCTION
In our recent experimental work aimed at a precision measurement of the Casimir force between pure germanium (Ge) plates [1] , we have discovered that the electrostatic calibration for Ge, a semiconductor, is substantially different from what was expected, assuming Ge to be a good conductor. The problem is that a static electric field can propagate a finite distance into a semiconductor; this distance is determined by the combined consideration of diffusion and field driven electric currents, leading to an effective field penetration length (Debye-Hückel length)
where c t = c h + c e is the total carrier concentration, which for an intrinsic semiconductor, c e = c h . For intrinsic Ge λ ≈ 1 µm,while for a good conductor, it is less than 1 nm. λ is independent of the applied field so long as the applied field E times λ is less than the thermal energy, k b T where k b is Boltzmann's constant. In this limit, and at sufficiently low frequencies and wavenumbers, thermal diffusion dominates the field penetration into the material. A sufficiently low frequency for Ge would be v c /λ ∼ 10 GHz, where v c is a typical thermal velocity of a carrier.
An analysis of the electrostatic energy between parallel plates is given in the Appendix below, as well as the effect of field amplitude on λ. This analysis is crucial toward our ongoing experimental efforts, especially for the electrostatic calibration.
In light of this analysis, it has become clear that none of the recent papers describing finite temperature effects on the Casimir force have taken into account the thermal diffusion of carriers (electrons and/or holes) in the treatment of the boundary value problem. As such, a comprehensive review of recent work will not be presented here; only the work by Boström and Sernelius, that led to the recent "controversy," will be discussed [2] .
II. CALCULATION OF THE THERMAL CORRECTION
To calculate the effects of finite temperature,the electromagnetic mode photon excitation number of 1/2 due to zero point fluctuations is replaced by
which has simple poles at
where in the following discussion we take only integers n ≥ 0. Following [2] , the integral over ω in determining the field energy between two flat plates is replaced by the sum over the poles that occur at the Matsubara frequencies, ω n ,
where the prime indicates a factor of 1/2 for the n = 0 term, and for the T E modes (electric field parallel to the surface)
where q represents the electromagnetic field wavenumber in the space between the plates, in direction perpendicular to the plates. The function in the integral, for the T E mode, is
(6)
where i = 0, 1 represents the space between the plates (0) or inside the plates, (1), and ǫ i is the respective electric permittivity along the imaginary frequency axis, and d is the plate separation. It is argued in [2] that for realistic materials, G T E (0, q) = 1 and hence does not contribute to the energy that leads to the Casimir force between the plates. For example, the low-frequency permittivity of a metal is given by the conductivity σ,
for which γ 1 = γ 2 at ω = 0.For distances greater than a few µ m, for T = 300 K, the net force is reduced by a factor of two compared to what is expected for a near perfect conductor if both the T E and T M modes are included. This result is in contradiction to experimental results, particularly [3] . There has been much discussion of this correction, but to now, the effect of diffusive field screening has not be taken into account in a satisfactory manner, or at all.
III. INCLUSION OF THE DEBYE SCREENING LENGTH
For realistic conducting materials (metal, semiconductor), Eq. (7) is not possibly correct, for we know an electric field near the surface causes charges to move, and this tends to screen out the applied field. Electric fields applied either parallel or perpendicular to the surface will be screened, varying compared to the field E 0 at the surface, in the material, as
which is valid whenE 0 λ < k b T (or E 0 λ < k b T /ǫ 1 for fields perpendicular to the surface).
The fact that electric fields do not penetrate any appreciable distance into even very poor conductors is experimentally well-known. Eq. (7) incorrectly describes the observed penetration of low frequency fields into conductors.
The screening effect can be treated in a heuristic fashion. The exact solution to the combined electrodynamic and diffusion problem is beyond the scope of the present note, the intent of which is to illustrate an effect that has been overlooked. Noting that λ is independent of frequency at low frequencies (< 10 10 Hz), and that E and its derivative are continuous across the boundary, we can rewrite Eq. 7) to include the spatial variation due to Debye screening,
assures continuity of the derivative across the boundary. The point is that the wavenumber in the material cannot be less than 1/λ. For this modified function, for ω → 0, G T E is equivalent to the perfect conductor result. Thus the large correction suggested in [2] applies only to materials where charges are not free to move, and diffusive effects do not enter. We can question whether this condition can ever really be met, but for any realistic slightly conducting material at finite temperature, there will always be a finite screening length, and hence a full contribution from the G T E , n = 0 mode, for good conductors where λ is large to frequencies of order 10 13 Hz. A detailed calculation for Ge is required because λ starts falling off for frequencies above 10 GHz, in the region where the thermally excited photons contribute most significantly [4] .
IV. VIOLATION OF THE THIRD LAW?
It has been suggested that the ω = 0 term in Eq. () show a manifest violation of the Third Law of Thermodynamics (sometimes referred to as the Nernst Heat Theorem) because the system entropy (identifying E as the free energy F ), given by
is not zero in the limit T → 0.This conundrum has been addressed and clarified in [5] , but there is a simpler argument that will be presented here.
In particular, we can question what it means to convert the integral over ω into a contour integral and hence sum over the Matsurba frequencies. If we did not convert this integral into a sum, the separate identification of the zero frequency contribution would not be made. Specifically, T does not appear in the Casimir force calculation expect through the mode photon number. Differentiating Eq. (2) with T , we find
which indeed goes to zero at T = 0.
Alternatively, if we consider the entire sum, Eq. (4), let T go to zero, we find,
(13) where the simple substitution 2πnk b T / = ω was made. Hence, the temperature does not appear explicitly in the total free energy, and the entropy indeed goes to zero at zero temperature.
The apparent violation of the Third Law is due simply to the isolation of a single term in the total free energy. Not considering the entire system in calculating the entropy is generally considered a sophomoric error.
V. CONCLUSION
By including the effect of charge movement and screening through the Debye length, it is shown that the large correction to the Casimir force predicted in [2] is not applicable to realistic materials. It should be noted that these correction apply to all conductors when the distance scale approaches the Debye length, which for a good conductor is 0.1 nm. The Debye length is constant in good conductors up to frequencies of order 10
14 Hz, so we can expect the full perfectly conducting force for any metal, at large separations.
The case of a semiconductor like Ge is slightly more complicated because λ begins to increase for frequencies of order 10 GHz, so a detailed anlysis of this case is required. However, it can be expected that there is a significant contribution from the T E, n = 0 mode.
It is also shown that the apparent violation of the 3rd Law of Thermodynamics is due to the isolation of a single term in an expansion that becomes an integral in the limit of T → 0.
VI. APPENDIX
The potential in a plane semiconductor, if the potential is defined on a surface x = 0 is
where λ is the Debye-Hückle screening length, defined previously.
We are interested in finding the energy between two thick Ge plates separated by a distance d, with a voltages +V /2 and −V /2 applied to the backs of the plates. In this case, the field is normal to the surface. After we find the energy per unit area, we can use the Proximity Force Theorem to get the attractive force between a spherical and flat plate.
Let x = 0 refer to the surface of the plate 1, and x = d refer to the surface of plate 2. By symmetry, the potential at the center position between the plates is zero. The potential in plate 1 can be written
and the space between the plates
where we assume the field is uniform. V s , the surface potential, is to be determined.
We need only consider the boundary conditions in plate 1, which are
(which has already been used)
where the last two imply that D = ǫE is continuous across the boundary.
The solution is
With this result, it is straightforward to calculate the total field energy per unit area in both plates and in the space between the plates. The result is
where the dimensionless length y = ǫd/λ has been introduced. If V − V s is large compared to k b T , the effective penetration depth increases because the charge density is modified in the vicinity of the surface. The potential in the plates is no longer a simple exponential, however one can define an effective shielding length [6] 
with the results plotted in Fig. 2 . Given that k b T = 30 meV, at plate separations of order 1 µm for Ge this begins to be a large correction when voltages larger than 60 mV are applied between the plates at separations of order 1 µm. 
